LARGE DIMENSIONAL HOMOMORPHISM SPACES BETWEEN WEYL MODULES 

AND SPECHT MODULES 



SINEAD LYLE 



Abstract. We give a family of pairs of Weyl modules for which the corresponding homomorphism space 
is at least 2-dimensional. Using this result we show that for fixed parameters e > and p > there exist 
arbitrarily large homomorphism spaces between pairs of Weyl modules. 



1. Introduction 

Let F be a field of characteristic p > 0. Take q 6 F x with the property that l + q + . . . + q^ 1 = G F for 
some integer 2 < / < oo and let e > 2 be minimal with this property. For n > 0, we write T-L n = HF,q{&n) 
to denote the Hecke algebra of the symmetric group & n and S n = SF, q (& n ) to denote the corresponding 
g-Schur algebra. For each partition fi of n, we may define a H„-module 5 M , known as a Specht module, and 
an 5„-module A(n), known as a Weyl module. Recall that if \x and A are partitions of n then 

dim(Hom w JS , ' J ,5 A )) > dim(Hom 5 „ (A(/x), A(A)) 

with equality if q ^ — 1 2 . Despite much investigation, there are few known examples of Weyl modules A(/i) 
and A(A) such that dim(Hom5 ri (A(/x), A(A))) > 1. The first such pairs were recently exhibited by Dodge [3]. 
Working in the symmetric group algebra and using results of Chuang and Tan [1 on the radical nitrations of 
Specht modules belonging to Rouquicr blocks, he showed that for any k satisfying k(k + l)/2 + 1 < p there 
exist partitions /i and A of some integer n such that dim(Homp'e ii S x )) — k. In particular, for p > 5 
there exist Specht modules, and hence Weyl modules, such that the corresponding homomorphism space is 
at least 2-dimensional. Using Lemma 11.11 below, Dodge's result proves the following: Let F be a field of 
characteristic p > 5. Then given any integer I > there exist partitions a and (3 of some integer m such that 
dim(Hom J?em ( 1 S' Q ,S'^)) > /. 

Lemma 1.1. Suppose /i and A are partitions of an integer n such that dim(Hom5 ii (A(/x), A(A))) = k. Then 
there exist partitions a and f3 of some integer m such that dim(Hom,s m (A(a), A(/3))) = k 2 . 

Proof. We may assume k > 1. If fx = (fix, . . . , fx a ) and A = (Ai, . . . , A&) then, since Homg^ (A(/i), A(A)) ^ {0}, 
we have A > \x so that a > b and Ai > Define partitions a and ft by 



Hi + Ai, 1 < i < a, 
Hi- a , a + 1 < i < 2a, 



ft 



Aj + Ai, 1 < i < a, 
Ai_t,, a + 1 < i < 2a, 



so that 










A r— 



Then dim(Hom5 n (A(a), A(ft))) = k 2 by the generalized row and column removal theorems [51 Theorem 



3.1] or H Prop. 10.4] 



□ 
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In this paper, we exhibit pairs of partitions such that the homomorphism space between the corresponding 
Weyl modules is at least 2-dimensional. In fact, we believe that it is exactly 2-dimensional, but this would 
be considerably harder to prove. 

Theorem 1.2. For a>b>c+l>4, define partitions 

/i = /Lt(a, b, c, e) = (ae — 3, be — 3, ce — 3, e — 1, e — 1), 
A = A(a, b, c, e) = ((a + 2)e — 5, be — 3, ce — 3)), 
of some integer n. Then dim(Hom5 ii (A(/i), A(A))) > 2. 

Using Lemma ITTTl this is sufficient to prove the following result. 
Theorem 1.3. Given any integer I > there exist partitions a and f3 of some integer to such that 

dim(Hom < 5 m (A(a), A(/3))) > I; and hence 
dim(Hom« m (5 Q ,5 /3 )) > I. 

If the results of Chaung and Tan [1 hold for the g-Schur algebra (rather than just the Schur algebra) then 
the proof of Theorem 11.31 almost follows from the work of Dodge (and Lemma [L~T]) : only the cases e = 2, 3, 4 
would not be covered. We note that Lemma 11.11 is the only result we know that allows us to build large 
homomorphism spaces from smaller ones; for example, for small e we do not know of any pair of partitions 
such that the homomorphism space between the corresponding Weyl modules has dimension 3. 

2. Proof of Theorem 11.21 

In this section, we give the proof of the main result. Fix a field F and an element q G F x such that 
e = min{/ > 2 | 1 + q + ... + qf- 1 = 0} exists. For n > let S n = S F ^(6 n ) and H n = H F , q (6„). The 
characteristic of the field plays no further role in this paper. We first recall a method to determine the 
dimension of the homomorphism space between a pair of Weyl modules. For full details, we refer the reader 
to Section 2.2]. 

2.1. Homomorphism spaces. Fix partitions A and /i of n. For every composition v of n, we define 
m v G Tin and a cyclic right H n -module M u = ra„H. Let 7^(A, v) denote the set of row-standard A-tableaux 
of type v, with 7o(A, v) C 7^(A, v) the subset of semistandard tableaux. For each T G %(\,v) we define a 
% n -homomorphism 8j : M v — > S x such that {0j | T G 7o(A, v)} are linearly independent. 

Let t{y) denote the number of parts of any composition v. For 1 < d < £(p) and 1 < t < fid+i we define 
an element hd,t G T~Ln- Let EHom-H ?i (M M , S x ) be the space spanned by {9j | T G 7o(A,/^)} and let 

*0,A) = {Q G EHom w „(M^,5 A ) | Q{m^h c it) = for all 1 < d < i{p), 1 < t < fi d+1 }. 

This definition is motivated by the following result which follows from [5J Theorem 2.2] and the remark 
following [5] Corollary 2.4]. 

Lemma 2.1. 

*(^,A) = F Hom 5 „(A( M ),A(A)). 

We therefore want to determine ^>(/i,X). First we set up some notation. If T G %(X, v), let T* denote 
the number of entries of T which lie in row j and which are equal to i. We extend this definition by setting 
T^' = J2k>i Tji an( i similarly for other definitions. If m > define 

[m] =l + q+ ...+q m - 1 £F. 
Let [0]! = 1 and for m > 1, set [to]! = [m][m — 1]!. If m > j > 0, set 

to [m]\ 
j j [j]![TO-j]!' 

For integers to and j, if any of the conditions m > j > fail we define [™] = 0. Using Lemma T2.4I below or 
otherwise, it is straightforward to show that [™] is then well-defined for any to, k G Z, and may be considered 
as an element of 1\q\. 
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Lemma 2.2 ([5 Proposition 2.7). Suppose that T G %(X,fi). Choose d with 1 < d < and t with 

1 < t < /id+i- 5 fee i/ie sei o/ row-standard tableaux obtained by replacing t of the entries in T which are 
equal to d + 1 d. i?ac/i tableau S <E S will be of type v(d, t) where 

{Mi + t, 3 = d , 
fij-t, j = d + l, 
Hj , otherwise. 

Recall that 9 T : Af -> S x and 6 S : M» (d ^ -> S x . Then 

ft(\) 

0t(%m=e n^ (s? " T?) 

ses 



rSf 

n 



@s("V(d,t))' 



Lemma 2.3 ( 5 Proposition 2.9). Suppose X is a partition of n and v is a composition of n. Let S G 7^(A, v). 
Suppose 1 < r < ^(A) — 1 and that 1 < d < £(^). Let 

= (.91, ff2, ■ • ■ , 0^)) 9d = 0, 9, = Sjf+i and g l < S l r for 1 < i < l(y) 

i=i 

For g G Q, let g~d-i — Xh=i 9* a7l( ^ ^ U g ^ e ^ e row-standard tableau formed from S fry moving all entries 
equal to d from row r + 1 to row r and for i ^ d moving gi entries equal to i from row r to row r + 1 . Then 



In 5 r+l S r+I 



gGS i=l 



Sj.+i+9i 
9i 



e s = (-i) s ^9~( r+ = 

In the following section, we apply these two lemmas to find elements of VP {fi, A) 



©u . 



Example. Let e = 2. Take A = (7, 5, 3) and /x = (5, 5, 3, 1, 1). We identify a A-tableau T of type v > fj, with 
the image @j{m v ) G S\ Recall that if A £z/ then 7o(A, f) = so that we immediately have ®(m^hi.t) = 
for t = 3, 4, 5 and 0(m^/i2,3) = 0. 



(1) Let e(m p ) 
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Then 



e(m^/i 4 ,i) = [2] 

= o, 

e(m^/i 3 ,i) = [2] 

= o, 

6(771,,^,!) = 4 [2] 
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9 4 [2][5] 

9 4 [2][5] 
0. 
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9 4 [2] 
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e(m^h lt x) = [6] 

= [6] 
-0, 

e(m M Jn, a ) = [6] 
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so that 6e%A), 
(2) Let 
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Then $e%A). 

2.2. Gaussian Polynomials. In order to tell if a homomorphism 6 lies in ^(/i, A) we record some results 
about the Gaussian polynomials [™] . The first is well-known. 

Lemma 2.4. Suppose m,j > 0. Then 



m + I 




m 




m 






J - 1. 


+ q j 




. i _ 






J . 



1 



m-j + l 



m 



Lemma 2.5 ( 5] Lemma 2.6). Suppose m, k > I > 0. T/ien, 

r/i 



3>0 



m-j 
k 



1 



l(m—k) 



m — I 
k - I 



Lemma 2.6. Suppose that m > and write m = m*e + ml where < m' < e. If m' < j < e — 1 i/ien 

= 0. 



Proof. Write 



[m] [m — I] . . . [m — j + 1} 



so that one of the terms in the numerator and none of the terms in the denominator are equal to zero. □ 

The next lemma follows immediately. 
Lemma 2.7. Suppose 1 < j < e — 1. Then 

~ae - 1 + jl = 
i J 

/or aZi a > 0. 

Lemma 2.8. Suppose m > I > 0, that k > 1 and i/iat ai, . . . , a* > are smc/i that X)i=i a « = TO - Then 

k 

V" TTg(ai-Ci)(c i+ i+-+c fc ) 
ci + ...+c fc =; i=l 



a 4 




m 
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Proof. The result is true for to = so suppose that to > 1 and that the lemma holds for to — 1. Using 
Lemma 12.41 and the inductive hypothesis, 



l i=l 


-Ci)(ci + i+...+c fc ) 
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Ci)(c i+ l+...+Cn.) 
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~a k - 1 
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m 
J 

as required. 

An alternative proof may be constructed by counting the number of i-dimensional vector spaces of an 
TO-dimensional vector space over the finite fields. □ 



2.3. Elements of ^(/i, A). We are now ready to prove Theorem 11.21 Fix a>b>c + l>4 and define 
partitions 

fi = /i(a, b, c, e) = (ae — 3, be — 3, ce — 3, e — 1, e — 1), 
A = A(a, b, c, e) = ((a + 2)e — 5, be — 3, ce — 3)), 

of some integer n. If T £ %(X, v) for some v > /i, recall that T* is the number of entries equal to i in row j 
of T. We denote T by 

ITJ 2 t ?3 t ?4 t i 5 t > 
T= 1 T 2 2 T 2 3 T U T 2 5 T 2 , 



1 T 3 2 T 5 3 1 5 4 1 3 5 1 3 

where we omit terms if T* = 0. Our strategy is to define linearly independent elements O and <£> in 
EHom^ n S x ) and use Lemmas 12.21 and Lemma [2.31 to show that Q(m^hd^t) — ^{m^hd^t) = for all 
1 < d < 4 and 1 < t < fXd+i- Theorem 1 1 . 2 1 then follows by Lemma |2~T1 

Lemma 2.9. Suppose that T S 7o(A,/i) /las i/ie /arm 



I ae— 3 oe— 1 qT, /iT 



T : 



2 (6- 



3 1 1 4 1 1 5 1 

l)e-2 qT? ^T* cTf 



312412512 



3 T 3 4 T 3 5 T 1 



TTieri the following results hold. 



(1) Suppose 1 < £ < e — 1. Write T — ^ S if S is a row-standard v -tableau formed from T fry changing t 



entries equal to 5 in T into ^s. // T — ^ S i/ien S is semistandard and 
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g T|(Sj-Tj) 
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3,t 



(2) Suppose 1 < t < e — 1. Write T — -> S if S is a row-standard v -tableau formed from T changing t 

3 £ 

entries equal to 4 in T into 5s. // T — ^ S i/ien S is semistandard and 



e T (m„ft3, t )= E <? (T ^ 



3,i 

T S>S 



Jl 



S 3 
T 3 

. 1 2. 



3 

T 3 

1 3. 



(3) Suppose 1 < i < /x 3 - 1. Writo T S if S is a row-standard v-tableau formed from T /irs£ 
changing t entries equal to 3 in T into ,2s in the second and third rows and then exchanging all 

2 t 

entries equal to 2 in row 3 itrcift entries not equal to 2 in row 2. 7/T S then S is semistandard 
and 



t — >s 

In particular, Qj(m^h2,t) = /or t > e — 1 



(6 - l)e - 2 + 1 - T3 
(6 - l)e-2-S 3 
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(4) Suppose 1 < t < /i2 — 1- Write T — ^ S i/ S is a row-standard v-tableau formed from T fry /irsi 

changing t entries equal to 2 in T into is and i/ien exchanging all entries equal to 1 in row 2 wii/i 

i,t 



entries not equal to 1 in row 1. IfT — > S iften S is semistandard and 



(a - 6 + l)e - 1 + i 
ae 



-3-S| 



q Tl(S 4 2 -Tt) q (T 3 2 +T 4 2 )(Sl-T 5 2 ) 



rc3i 



T 3 

1 2. 



C41 
°2 

T 4 

. 1 2. 



1 2. 



6s(m„) 



where ~\\ = (6 — l)e — 2. In particular, ©i^Wfyhi t) = /or i > 2e — 2. 

Proof. To check the tableaux S are semistandard, observe that ae — 3 > be — 3 and that (6 — l)e — 2 > ce — 3. 
Parts (1) and (2) are then just restatements of Lemma 12.21 Now consider (3). Use Lemma \2. 2 1 to write Oy 
as a linear combination of terms 0R(m iy ) where R is formed from T by changing entries equal to 3 into 2s. If 
s > entries are changed in the first row then the term occurs with coefficient a multiple of [ e ~* +s ] = by 
Lemma 12.71 so we may assume all entries changed are in the last two rows. It then follows from Lemma 
that 6-r(m-/j/i2,t) = J2 T 2 - t ) z ^(S)Bs(w^) where 



(s) = E(-i)V (itI V'°'- Ti+si) 

j>0 



(b - l)e - 2 + 1 - j 
t-3 



g T!(S*-Tt) g (Ti+Tl)(Si-Ti) 



si 

n-j. 



c4l 
°3 

. 1 3. 



c5- 
3 3 

T 5 
. 1 ?,. 



Changing the limits of the sum and applying Lemma 12.51 we obtain 

6(S) = (-l)^-S^T^(S^T^) (Z (T3 + T^)(S=-T=) (z -( T iii + 1 ) 



s* 4 

^3 

T4 
1 3. 



S 5 
°3 

T 5 



$>iy?«) 

j>0 



= (-l)^-^q 
= (-ifl-SlqC^+Sl* 



rs 3 " 

°3 




"(6-l)e-2 


+ t- 




fS 3 " 


J _ 
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-l)e 


-2 




1 3/ 


g Ql+TS)(s3-i 


S) g -( 




T4 



s 5 

°3 

T 5 

1 3. 



(6 — l)e — 2 + 1 — T 
(6-l)e-2-S§ 



9 



S 4 " 

°3 

T 4 

L 1 3. 



(6 - l)e - 2 + 1 - T| 
L (6-l)e-2-S§ . 



T 5 

1 3. 



as required. 

The proof of part (4) of the lemma follows on identical lines. 



□ 
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Proposition 2.10. Define a tableau T <E 7o(A, fi) by 

|ae- 3 2 e— 1 3 e ^ 
3 (c— 2)e— 1 ^e— 1 ge— 1 

and Zei 6 = 8 T . T/ien 9 £ *(/x,A). 



Proof. Note that T has the form described in Lemma l2.9l Suppose 1 < t < e— 1. Then applying Lemma [ 
and Lemma 12.71 

^ae- 3 2 e — 1 3 e— ^ 
2 (b-l)e-2 3 e-l =Q . 
g(c-2)e-l ^e-l+t ge-l-f 

^ae— 3 2 e— ^ 3 e — 1 
2 (b-l)e-2 3 e-l =0 . 
g(c-2)e-l+t ^e-l-f 5*5-1 

I ae— 3 oe — 1 Qe — 1 



8K/i3,t) 



e-l + t 
t 



(c-2)e- 1 + 



&(mnh : 



,((c-2)e-l)t 



(6 - c + l)e - 1 + < 



2(6-l)e-2+f ^e-l-f 
<^(c— 2)e— 1 ^e— 1 ^e— 1 



o. 



Now suppose 1 < i < 2e — 2. Then 

e(m^ M ) = £ (-l) T ?- s =g( T ^ si )+ s ^ 



l.t 

t — S>S 



(a-b+l)e-l + i 



3 2 

e - 1 



But if T S then [^J = unless S| = e — 1; and if S| = e — 1 then 1 < t < e — 1 and then 

"(a - 6 + l)e - 1 + t 



(a - b+ l)e - 1 + 







by Lemma \2. 71 Hence &(m^hd.t) — for all 1 < d < 4 and all 1 < £ < Md+i as required. 
Proposition 2.11. Let A denote the set of X-tableaux A of type [i which have the form 



2 (6-l)e-2 3 A^ 4 A* 5 A| 
3 (c-l)e-2 4 A* gAf 



'i 4 A i 5 aS 

4 _A5 



and B denote the set of X-tableaux B of type fx which have the form 

1 ae-3 2 e-l 3 B'J 4 Bt 5 B5' 
2 (&-l)e-2 3 B3 4 B* 5 B| 
3 (c-l)e-l 4 B* 5 B= 

so that all A £ AU B are semistandard. Set 



Ae.4 BeB 



Then $ 6 <f(/i, A). 



□ 



Proof. Note that all tableaux A £ A U B have the form described in Lemma 12.91 and use the notation of that 
lemma. For 1 < d < 4 and 1 < t < fia+i, let 



</./ 



X>(d, t) = {S e 7o(A, z/) | A — * S for some AgiUS}. 

For S S V(d,t) define 6^(S) to be the coefficient of Qs(m u ) in X)ag^ ©A^^/i^t), define feg(S) to be its 
coefficient in X)bg.a ®h( m fj.hd,t) and set 6(S) = &.a(S) — g&e(S) to be its coefficient in ^(m^hd^t)- 
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A?) 




g A*(S*-A*) 
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[SSI 
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Take d = 4 and 1 < t < e — 1 and suppose that S G 2?(4, £). Using Lemma [2.91 and applying Lemma 127 
and Lemma 12.71 we have 

MS)= £ 9 (A ' +A ^ )(S 

Ae.A 

d,t 

A 

= E ? ( 

Af+A|+Af=e-1 

sf + sf + sf 

A? + A| + A4 
e-l + i 
t 

0. 



At) 


rsr 
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[SSI 




Af. 




Al 
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An identical argument shows that 6g(S) is also zero. 

Now take d = 3 and 1 < t < e — 1. Suppose that S G T>(d, t). Then 



*(s)= E 



d.t 

A^-S 
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A2 



g (j( B 2+ B 3)( S 'l- B ?)g B 3( S 2- B 2) 

Bes 

d,t 

B « 



((c-l)e-2)((c-l)e-2-Sf+t) 



si 



_(c- l)e-2 

((c_l)e-l)((c-l)e-l-S|+t)+l 



V qA^S'J-A-; 
Af+A|=e-1 



si 

Ai. 



A?. 



((c-l)e-2)((c-l)e-2-Sf+t) 



(c-l)e-l 
_(c-l)e-2j [ e-1 



^1 



E / 

irsi + sf 



Bl(Sf-Bf) 



s 3 i rs 3 



((c-l)e-l)((c-l)e-l-S|+t)+l 



si 

(c-l)e-l 



rs 3 + Sf 

e - 2 



where, by Lemma [231 [( c _f? e _ 2 ] an d [( c _i) 3 e _i] are both zero unless S 3 = (c — l)e — 2 or S 3 = (c — l)e — 1. 
If Sfj = (c - l)e - 2 then S? + 5| = e - 1 + 1 and 



6(S) = q 



((c-l)e-l)* 



e-l + f 

f 



by LemmaO If Sf = (c- l)e - 1 then Sf + 5| = e - 2 + 1. Note that [(c - l)e - 1] = -g^- 1 ) 6 " 1 . Applying 
Lemma 12.41 and Lemma 12.71 we have 



&(S) =g(( c - 1 ) e - 2 )( t - 1 )[(c-l)e-l] 
= -o(( c - 1 ) e - 2 )*+ 1 

7 ((c-l)e-2)t+l e — 1 + t 



e - 2 + 1' 
e-1 



7 ((c-l)e-l)t+l 



e - 2 + t' 

e - 2 



"e - 2 + t 




"e - 2 + i" 




e-1 


+ 9* 


e-2 


) 



as required. 



LARGE DIMENSIONAL HOMOMORPHISM SPACES 



f) 



"(b-l)e-2 + t-Af 


gA 3 (S| ^4) 


rc4- 
3 3 




rsgi 


(b - l)e - 2 - S| 




A 4 

L M 3_ 







Now take d = 2 and 1 < t < e — 1 and suppose that S £ V(2,t). If A e A note that A| = (c - l)e - 2. 
Then 

MS) = ^ (-i) A 3-s^( A i- s i)+s| t 

2.t 

A >S 

= ( _ 1)(c -l)e-2-Sl 9 (^- 1 '7 2 - S i)+Slt 

= (_ 1 )(c-i)e-a-sl 9 (<- 1 >7 a - s i)+s| t 

and the same argument shows that 

6 B (S) = (_l)(«-D«-i-sS g ( 



(6 - c)e + i 
(6-l)e-2-S| 



E 



(6 -c)e + t 
(6-l)e-2-S 



Ai+A5=e-1 



e - 1 



3 /(c-l)e-l-S! 



)+S|i 



(6 - c)e - 1 + t ] [S| + SI" 1 



(6-l)e-2-S 



e-2 



2 £ 2 £ 

Note that if A — > S for some Aei then e - 1 < S 4 + S| < 2e - 2 and if B S for some B 6 B then 
e-2 < St + 5 5 3 < 2e-3. So bv Lemma l2~7l 6(S) = unless Sf + S^ = e-2 or Sf + Sf = e-1. If S| + S| = e-2 
then 

by LemmaO If S| + S| = e - 1 then recall that [e - 1] = -q e ~ l = -q^-^- 1 . Then 

\(b-c)e + t] s » t r(6-c)e-l + t 

t J+^ 3 [ t -l 
\b-c)e + t\ (b _ c) J(b-l)e + t-l 



b(S) = q 5 ** 
Sit 



[e-1] 



t 

(6 - c)e + 1 - 1 
t 



t- 1 



by Lemma |2"T41 and Lemma [2~71 

Finally take d — 1 and 1 < t < 2e — 2 and suppose that S £ Z>(1, t). By Lemma 

"(a -6 + l)e- 1 + t 



MS) = £ (-i) A ^- s ^( A2 2 2 )+s^ 



2,t 

A S>S 



3-S? 



g A^(S*-A*) ? (A^+Aj)(S^- 





[si' 




rc4- 

3 2 










A 4 

. M 2_ 





s^ 

A2 



( _l)A^S^(^-^)+S^ 



(-ijAl-Slg^J+SS* 



(a - 6 + l)e - 1 + t 



-3-S| 



E / 

A|+A*+A|=e-1 



AI. 





rsr 




[SSI 




Al 




AI. 



(a - b+ l)e - 1 + t' 
ae — 3 — S| 



e- 1 



Since e — 1 < S2 + S 4 , + S| < 2e — 2, Lemma [2~7I shows that the last term is zero unless + S| + = e — 1. 
In this case 1 < t < e — 1 and S2 = (b — l)e — 2 and so 6^(S) has a factor 



(a -6 + l)e- 1 + t' 

t 







by Lemma |2~T1 An identical argument shows that feg(S) = 0. 

This completes the proof that ^(m^h^t) = for all 1 < d < 4 and all 1 < t < fJ.a+1- 



□ 
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